Cocal is a code for computing equilibriums or quasiequilibrium initial data of single or binary compact objects based on finite difference methods. We present the results of supplementary convergence tests of cocal code using time symmetric binary black hole data (Brill-Lindquist solution). Then, we compare the initial data of binary black holes on the conformally flat spatial slice obtained from cocal and KADATH, where KADATH is a library for solving a wide class of problems in theoretical physics including relativistic compact objects with spectral methods. Data calculated from the two codes converge nicely towards each other, for close as well as largely separated circular orbits of binary black holes. Finally, as an example, a sequence of equal mass binary black hole initial data with corotating spins is calculated and compared with data in the literature.
I. INTRODUCTION
Various methods have been developed in the past couple of decades for computing numerical solutions of compact objects in equilibrium or quasiequilibrium. Those include methods for computing relativistic rotating stars in equilibrium or binary black hole initial data (see e.g. [1, 2] ). For example, numerical solutions of binary black holes (BBH) in quasicircular orbits have been widely used for initial data of merger simulations [3, 4] , and sequences of such data with fixed irreducible mass of each black hole (BH) have been also applied to approximate the inspiral evolution of BBH [5] .
The authors have been developing, independently, numerical codes for computing such compact objects, cocal [6] (Paper I hereafter) and KADATH [7] (Paper II). Cocal is a code for computing various kinds of astrophysical compact objects -isolated or binary systems of neutron stars and black holes which may be associated with strong magnetic fields. KADATH is a library for solving a wide class of problems in theoretical physics including those of general relativity, and is capable of computing such compact objects.
In the first part of this paper, we present the results of supplementary convergence tests of cocal to those presented in Paper I. With straightforward changes in the radial coordinate grid spacings and in the finite difference formula for the integration over the zenith angle, errors in the gravitational fields especially near the compact objects decrease substantially, which is necessary to improve the accuracy of widely separated BBH solutions. In the second part of the paper, we carefully compare the spatially conformally flat BBH initial data in circular or- * uryu@sci.u-ryukyu.ac.jp † atsok@aegean.gr ‡ philippe.grandclement@obspm.fr bit calculated from cocal and KADATH code. Comparison of the solutions is the most effective test to confirm the reliability of the codes in which a system of complicated equations is solved. Such comparison had been done for the codes for relativistic rotating stars in [8] .
To our knowledge, this is the first attempt to compare the BBH data calculated from totally different methods as the spectral method and the finite difference method.
Finally, we present a sequence of spatially conformally flat BBH initial data in circular orbits for the case with equal mass and corotating spin, and compare the result with those presented in [5] . Throughout the paper we use geometric units with G = c = 1.
II. CONVERGENCE TESTS FOR COCAL CODE
In this section, we present convergence tests of cocal code supplementary to those presented in Paper I. The setup for the test problem is the same as in Paper I: the Brill-Lindquist solution for the time symmetric BBH data is generated numerically, and it is compared with the analytic value. We briefly review the setup of the problem and discuss the modification of the finite difference scheme from the previous paper.
A. A test problem for binary black holes
We assume the spacetime M is foliated by a family of spacelike hypersurfaces (Σ t ) t∈R , M = R × Σ parametrized by t ∈ R. We assume the line element in the neighborhood of Σ t to be
where f ij is the flat spatial metric, so that the data on Σ t becomes time symmetric -the extrinsic curvature K ab on Σ t vanishes.
Decomposing Einstein's equation G αβ = 0 with respect to the foliation using hypersurface normal n α to Σ t , and the projection tensor γ ab = g αβ + n α n β to it, we write the Hamiltonian constraint G αβ n α n β = 0, and a combination of the spatial trace of Einstein's equation and the constraint G αβ (γ αβ + 1 2 n α n β ) = 0, as
These equations have solutions, which correspond to the Schwarzschild metric in isotropic coordinates for a single BH. For a two BH case, a BBH solution is given by Brill and Lindquist [9] :
where subscripts 1 and 2 corresponds to those of the first and second BH; r 1 and r 2 are distances from the first and second BH, respectively, and M 1 and M 2 are mass parameters. Instead of solving two Laplace equations Eq. (2), we write an equation for α with a source on the whole domain of Σ t :
In an actual computation, spherical regions near the center of BH are excised to avoid singularities. Therefore, boundary conditions for these elliptic equations are imposed at the radius r = r a of the excised sphere S a , and at the radius r = r b of the boundary of computational domain S b . We also set the mass parameters M 1 and M 2 as 0.8×r a of each BH to avoid the lapse to be negative at S a . In the following tests, we impose Dirichlet boundary conditions on S a and S b whose values are taken from the analytic solution (3).
B. Coordinates, grid setup, and finite difference scheme of cocal code
As explained in Paper I, three spherical coordinate patches are introduced for solving binary compact objects with cocal . Two of them are the compact objects coordinate patches (COCP-I and II) and one is the asymptotic region coordinate patch (ARCP). In each spherical patch, coordinates cover the region (r,
The two COCPs are centered at the center of compact objects and extend up to about r b ∼ O(10 2 M ), while ARCP is centered at the center of mass of the binary, and extends from r a ∼ O(10M ) to r b ∼ O(10 6 M ), where M is the total mass of the system. Definitions of the parameters for the grid setups are listed in Table I .
In solving a system of elliptic equations such as Eq. (4), we rewrite them in integral form using Green's function that satisfies given boundary conditions, and apply a finite difference scheme to discretize those integral equations on the spherical coordinates of each domain. We use ra : Radial coordinate where the radial grids start. the midpoint rule for numerical quadrature formula, and hence compute the source terms at the midpoints of the grids. Coordinate grids (r i , θ j , φ k ) with i = 0, · · · , N r , j = 0, · · · , N θ , and k = 0, · · · , N φ , are freely specifiable except for the endpoint of each coordinate grid that corresponds to the boundary of the computational region, (r 0 , θ 0 , φ 0 ) = (r a , 0, 0) and (r Nr , θ N θ , φ N φ ) = (r b , π, 2π). The grid setup for COCP and ARCP is the same as Paper I except for the radial grid of COCP which will be explained later. For angular coordinate grids (θ j , φ k ), we choose equally spaced grids.
In Paper I, we have used for the finite difference formulas, (1) 2nd order midpoint rule for the quadrature formula, (2) 2nd order finite difference formula for the θ and φ derivatives evaluated at the mid points (r i+ 1 2 , θ j+
3) 3rd order finite difference formula for the r derivative evaluated at the mid points, and (4) 4th order finite difference formula for the derivatives evaluated at the grid points, (r i , θ j , φ k ). In the present computations, we use the same finite difference formulas mentioned above except for the numerical quadrature formula in θ integrations.
Differences from the previous Paper I are the spacings of radial grids ∆r i := r i −r i−1 in COCP, and the quadrature formula used for the integration in zenith angle θ.
Radial grid spacings for COCP
When we compute a sequence of BBH data from larger to smaller separations in the cocal code, we change the BH excision radius r a from smaller to larger values and fix the separation d s (instead of fixing r a and varying d s ). In this way, the number of grid points are kept to be the same, and the structures of coordinate grids are almost the same for all solutions of the sequence. As Table II .
a result the discretization error behaves systematically from one solution to the other, and hence the quantities such as mass or angular momentum vary smoothly along a sequence of solutions.
It is important to notice that, by changing the BH radius, we change the mass of the solution and hence change the length scale of the system. Therefore, to maintain the accuracy of the gravitational fields near the BH, the intervals near the hole should be proportional to the mass of the BH, or in our case, the BH excision radius r a . Therefore, we modify the construction of the grid spacing in the radial direction r of COCP for computing a sequence from smaller to larger BH as follows. Without loss of generality, we set the radius of BH excision sphere S a as r a < 1. We divide the radial coordinate to four regions, I: r ∈ [r a , 1], II: r ∈ [1, r c ], III: r ∈ [r c , 3r c ], and IV: r ∈ [3r c , r b ]. We set the first interval by
where N f r is the number of intervals in the region I:[r a , 1], and λ is a constant factor which is chosen to be λ = 0.75. For each region, ∆r i := r i − r i−1 , are defined by (9) which correspond to regions I, II, III, and IV, respectively, The ratios h i (> 1) (i = 1, 3, 4) are respectively determined from relations
Values of the parameters for the coordinate grids of cocal used in computing the results presented in this paper are listed in Table II . In Fig. 1 , an example of the radial grid points is plotted for the case with H3 grid setup in Table II . Because of the construction, the grid structure in the region larger than r ≥ 1 is the same for all solutions with different BH radius r a once a grid setup (resolution) as in Table II is selected.
2. 4th order midpoint rule for the quadrature formula of θ integration
As discussed in Paper I, our Poisson solver is a system of integral equations, and it is numerically integrated with a quadrature formula of midpoint rule. Therefore, the sources of the integrals are always evaluated at the midpoints of (r i , θ j , φ k ) grids. As summarized above, the 2nd order midpoint rule was used for a quadrature formula in Paper I. With the above mentioned choice for finite difference formulas, the 2nd order convergence of the error has been achieved. As shown in the top panel of Fig. 2 (as well as figures 3, 4, and 6 in Paper I), however, the fractional error of the potentials normally increases near the excision surfaces of the BH, S a (r = r a ), although it converges in 2nd order.
One might expect that the increase of the error near S a is due only to a lack of resolution in radial grid points. It turns out, however, that the finite difference errors in the potentials near the boundaries of computational domains are dominated by the discretization error in the θ coordinate. In particular, the θ integration of the source involving the Legendre function turns out to be the source of error. Therefore, we replace the quadrature formula of θ integration to 4th order accurate midpoint rule whose weights are 
where the grid number j is a multiple of 4, and ∆θ = π/N θ . For the excision radius ra for COCP-1 and 2, "var." stands for a variable parameter assigned to each solution. In the test problems in Sec.II C, they are chosen to be ra = 0.2 and 0.4 for close BBH, and ra = 0.05 and 0.1 for separated BBH for COCP-1 and 2, respectively.
C. Convergence tests
We perform convergence tests to examine that the above two modifications improve the accuracy of the cocal code. In Table II , grid setups for the computations are listed. The grids H1-H4 correspond to different levels of resolutions. At each level, the resolution is double the previous one 1 . In Figs. 2-4 , the fractional errors in the lapse that are averaged over the angular coordinate grids (θ i , φ j ) at fixed radial coordinate r are plotted against r of each coordinate patch,
where writing a grid point (r i , θ j , φ k ) by p, we define a set G i by
e and r i = const , where S in e is an interior domain of S e , and #(G i ) is the number of points included in G i .
In the top panel of Fig.2 , the same finite difference scheme as presented in Paper I is used for computing closer BBH solution with the BH excision radius r a = 0.2 and 0.4, and with the separation d s = 2.5. The midpoint rule in the θ integration is 2nd order accurate in this panel. In the bottom panel, the 4th order midpoint rule Eq. (13) for the θ integration is used for the same model 1 We have also tested different combinations of grid numbers (Nr, N θ , N φ ) for the first level of resolution and performed convergence tests. We found the combination of type H was better than others. For example, the accuracy was not improved by increasing the grid points in the φ direction. Table II . The BH excision radii are chosen to be ra = 0.2 and 0.4 for COCP-1 and 2, respectively, and the separation is to be ds = 2.5.
and the same grid spacings. Clearly, the fractional error substantially decreases by this change for the H2 to H4 levels. We notice that the error near the BH converges in 4th order, that is, the error decreases about 1/16 at each level of resolution. The errors near the BH as well as in the asymptotic region are dominated by those from the θ integrations of the surface integral terms. In Fig.3 , we calculate more separated BBH solutions, decreasing the radius of BH excision surface to 1/4 (therefore effectively separating BBH 4 times apart) as r a = 0.05 and 0.1 with the same separation d s = 2.5, and using the 4th order integration in θ as in the bottom panel of Fig.2 . Although the errors near the BH excision surfaces are of the same order of magnitude as those of the corresponding resolutions plotted in Fig. 2 , bottom Fig. 2 , but for the BH radius ra = 0.05 and 0.1 for COCP-1 and 2, respectively. The results are calculated using the 4th order midpoint rule for θ integration as in the bottom panel of Fig.2 , otherwise the same finite differencing scheme (in particular, the same radial grid spacing ∆ri) as in Paper I.
panel, the errors once increase as the radial coordinate r increases. It turns out that the BBH initial data discussed later can not be calculated accurately with this grid setup for largely separated orbits. In Fig.4 , convergence tests for the close (r a = 0.2 and 0.4) and the separated (r a = 0.05 and 0.1) BBH are calculated with scaled radial spacing near the BH introduced in Sec.II B 1, as well as the 4th order midpoint rule in θ integration. The size of the errors around the BH excision radius for the largely separated BBH data (bottom panel) is now comparable to those for the close BBH data (top panel) for each level of resolution. This improvement turns out to be important for accurately computing the separated BBH data in cocal code.
III. COMPARISON OF BBH INITIAL DATA
A. The KADATH library
In this section, we compare the circular solutions of BBH initial data on a conformally flat spacelike hypersurface calculated from cocal and the KADATH library. KADATH [7] is a library designed to solve a wide class of problems in theoretical physics including those of general relativity such as the above compact objects. It is based on spectral methods (see for instance [10] and references therein) where the various fields are approximated by finite sums of known functions typically trigonometrical functions and orthogonal polynomials. One of the main advantages of spectral methods is their fast convergence to the true solution (typically exponentially), when one increases the order of the expansion. For instance, in this paper, a relative accuracy of about 10 −4 is achieved with 15 coefficients in each dimension. Spectral methods enable one to translate a set of partial differential equations into an algebraic system on the coefficients of the expansions. This system is then solved by a standard Newton-Raphson iteration. The computation of the Jacobian as well as its inversion are parallelized.
The code used in this paper is essentially the same as the one used in Sec. 7.3 of [7] . In order to check the overall accuracy of the computations, one monitors the convergence of some global quantities (like the orbital frequency), as a function of N , the number of points in each dimensions. Let us mention that, in the case of a large separation, the code was slightly modified to maintain accuracy, probably due to a stretch of the bispherical coordinates when the distance between the holes gets much bigger than the size of the holes themselves. In particular, a spherical shell was added between the bispherical coordinates and the outer compactified domain and the determination of the orbital velocity had to be changed (see Sec. III C).
B. Conformally flat BBH initial data
The circular solution of BBH initial data is calculated by solving the Hamiltonian and momentum constraints, and the spatial trace of the Einstein's equation on a conformally flat spacelike hypersurface Σ t . The spacetime metric on Σ t is written in 3+1 form as
where the spatial three metric γ ij on the slice Σ t is assumed to be γ ij = ψ 4 f ij . Here, field variables ψ, α, and β i are the conformal factor, lapse, and shift vector, respectively, and f ij is a flat three dimensional metric. We also assume maximal slicing to Σ t , so that the trace of the extrinsic curvature
Writing its tracefree part A ij , the conformally rescaled quantityÃ ij becomes
where the derivative ∂ i is associated with the flat metric f ij , and conformally rescaled quantities with tilde are defined byÃ i j = A i j andβ i = β i , whose indexes are lowered (raised) by f ij (f ij ). The system to be solved, which are Hamiltonian and momentum constraints and the spatial trace of the Einstein's equation, becomes
where ∆ := ∂ i ∂ i is a flat Laplacian [2, 11, 12] . For the boundary conditions at the BH excision boundary S a , we choose approximate irrotational apparent horizon boundary conditions,
where n 0 is an arbitrary positive constant for which we choose n 0 = 0.1, s i is the unit normal to the sphere S a , and Ω represents a parameter for orbital angular velocity. The vector y i cm := (0, d, 0) is the translational vector with respect to the center of mass. With these conditions, the sphere S a becomes an apparent horizon (AH) in quasiequilibrium [5, 7, 13] .
Mirr/ra ds/ra = 12 At the asymptotics, the boundary conditions are
When using KADATH , the whole spacelike slice Σ t is compactified, and hence the above conditions are imposed at the spatial infinity, while in cocal , the computational domain is truncated at the radius r b ∼ O(10 6 M ) and it is at r b that the above conditions are imposed.
C. Comparison of the circular solutions of BBH initial data for KADATH and cocal
Following [14] , we obtain the angular velocity Ω of a circular orbit of BBH initial data from an assumption that an equality of ADM mass and Komar mass, M ADM = M K , is satisfied for the circular orbit, where M ADM and M K are defined by
In cocal , the surface integrals are calculated at a certain finite radius, typically around r ∼ (10 4 M ). In KADATH , these integrals are usually evaluated at spatial infinity as its definition, S∞ := lim r→∞ Sr with S r the sphere of radius r. However, in the case of a large separation, it turned out that this was not giving good results. The precision of the results, measured by convergence of the value of Ω, is much better when one demands that, at spatial infinity,
The difference between the Komar and ADM mass is then of the order of 10 −4 for the higher resolution, thus giving a measure of the overall error of the code.
For a converged circular solution, we also calculate ADM angular momentum: The model is the same as that in Table III with the separation ds/ra = 12.
The above quantities are normalized by the irreducible mass of AH, M irr , which is defined from the surface area of AH, namely the area integral over the BH excision surface S a ,
We write M irr1 := A AH1 /16π and M irr2 := A AH2 /16π for each BH, and write M irr = M irr1 +M irr2 for a total mass.
In Table III , global quantities normalized by M irr are presented for the irrotational BBH data computed from KADATH and cocal at the separations d s /r a = 12 and d s /r a = 30. Three different resolutions for KADATH are given, mainly 11, 13 and 15 points in each dimension, and two (lower and higher) resolutions, H2 and H3, are used for the computations of cocal . The relative differences between the highest resolution results from both codes are also indicated. The convergence of these quantities is plotted in Fig. 5 for both separations, d s /r a = 12 (left panels) and d s /r a = 30 (right panels). All plots indicate a nice convergence of the global quantities, when the resolutions are increased.
In Fig.6 , plotted are fractional errors of metric potentials of the same BBH data between those calculated from KADATH and cocal . The errors are defined by 100 × |q(cocal) − q(KADATH)|/|q(KADATH)| [%], and those of the conformal factor ψ, lapse α, and y-component of the shift β y are plotted along the x-axis which intersects with the centers of two BHs for the case with the separation d s /r a = 12. Resolutions are H3 for cocal and 15 points for KADATH . As seen from the figure, the metric potentials from the two codes agrees well. Note that the relatively large error in β y near x/r a ≈ 6 is due to β y crossing zero, and hence its fractional error diverges there.
D. Solution sequence for corotating BBH data
Finally, we present a sequence of solutions for the conformally flat BBH initial data computed from cocal . In this computation, the boundary condition of shift β i (21) is replaced by that for the BBH with corotating spins,
where the vector φ i cm is a generator of rotation around the center of mass whose components in Cartesian coordinates is written φ i cm = (−y cm , x cm , 0). The orbital angular velocity parameter Ω is evaluated with the same method as mentioned in the previous section.
In Fig. 7 , a sequence of the corotating BBH data computed from cocal with resolution H3 is compared with those of the paper by Caudill et.al. [5] , and of the third post-Newtonian (3PN) circular orbits [15] . In the top panel, the binding energy normalized by the irreducible mass E b /M irr := (M ADM − M irr )/M irr is plotted against the normalized angular velocity ΩM irr , and similarly in the bottom panel, the angular momentum J/M 2 irr . The curves calculated from cocal agree well with the other two curves. In the smaller ΩM irr (large separation), the curves from the cocal are slightly smaller than those of the other works. The size of this error is comparable to that listed in Table III . The error in E b /M irr for the model with d s /r a = 30 is around −1.2% whose separation corresponds to the one in Fig.7 with ΩM irr ∼ 0.026 (d s /r a = 31.25). The data used in Fig. 7 are tabulated in Table. IV.
For computing a solution with the cocal code, each iteration takes about 3 minutes for H3 resolution with a single CPU (1 core) of Xeon X5690 3.46GHz, and each run uses about 6GB of RAM. A convergence to a circular solution is achieved after 500-700 iterations, during which an iterative search for the circular Ω is made 5-7 times.
IV. DISCUSSION
We have presented additional convergence tests of cocal code focusing on the BBH data. Especially the conformally flat initial data of BBH in circular orbit calculated from cocal code are compared with those from KADATH code. We demonstrated that the results from both codes converge toward each other for large and small separations (see also [16] ).
As fully discussed in [5] , a corotating sequence presented in Sec.III D is not considered as a model for inspiraling BBH, because BBH tides do not effectively work to spin up the BH to synchronize the BH spin with orbital motion within the time of inspirals. In [5] , the authors describe a more realistic sequence of BBH inspiral where the spin angular momentum of the AH is conserved. We will present elsewhere the performance of the cocal code for computing those sequences to model BBH inspirals, which is a necessary step to compute more complex binary systems including black hole-neutron star binaries.
